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Abstract 
Within the framework of non-relativistic quantum mechanics, the ro-vibrational energy 
spectra of the improved deformed exponential-type potential model are obtained using the 
Greene-Aldrich approximation scheme and an appropriate coordinate transformation. With 
the help of the energy spectra, analytical expressions of the vibrational partition function and 
other thermodynamic functions are derived by employing the Poisson summation formula. 
These thermodynamic functions are studied for the electronic states of hydrogen dimer, 
carbon monoxide, nitrogen dimer and lithium hydride diatomic molecules, as they vary with 
temperature and upper bound vibration quantum number.  
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1 Introduction 
The study of statistical physics in general and quantum statistical mechanics in particular 
has over the years, made it possible to predict and interpret different thermodynamic 
properties of various systems [1]. These have contributed to the understanding of both 
relativistic and nonrelativistic wave equations, which contains much of the information about 
any given system [2]. The system of our interest is a potential energy function, which have 
been studied for several decades now. Example of such system is the exponential-type 
potential functions [3-5] and these have been examined by many authors. Recently, improved 
deformed four-parameter exponential-type potential energy model [6] was generated using 
dissociation energy and equilibrium bond length as explicit parameters for diatomic 
molecules. The solution of the D-dimensional Klein-Gordon equation (KGE) for 
multiparameter exponential-type potential has been obtained via supersymmetric quantum 
mechanics [7]. The improved five-parameter exponential-type potential [8] has been shown 
to be identical with the Tietz potential [9] for diatomic molecules. Also, the improved five-
parameter exponential-type potential model have been used to model internuclear interaction 
potential curve for diatomic molecules using experimental molecular constants. An improved 
multiparameter exponential-type potential (MPETP) [10] for diatomic molecules have also 
been reported. 
The vibrational and rotational energy levels of different potential energy models [11-14] 
have been established to play a key role in determining partition function of any system [15]. 
These energy levels can be obtained using different techniques [16-20]. Different researchers 
have studied the thermodynamic properties of different potential functions for various 
systems [21-23].  The thermodynamic properties of the improved Tietz potential was 
calculated for gaseous substances [24] using the Poisson summation formula [25]. Under the 
influence of external magnetic and electric fields, the thermodynamic properties of gallium 
arsenide (GaAs) double ring-shaped quantum dot have been investigated [26] via the 
canonical ensemble approach. A closed-form vibrational partition function and other 
thermodynamic functions of q-deformed Morse potential have been studied in one-dimension 
[27]. In addition, the thermodynamic properties of generalized Morse potential (GMP) have 
been derived and studied for hydrogen chloride molecule [28]. The thermodynamic functions 
of the Klein-Gordon equation (KGE) with the Badawi-Bessis-Bessis (BBB) diatomic 
molecular potential have been obtained for lithium dimer [29]. By employing the Euler 
MacLaurin Formula [30, 31], the thermal properties of the Morse potential have been 
investigated for some diatomic molecules [32] in three dimensions. 
In this work, the improved deformed exponential-type potential (IDEP) model to be 
employed is defined as 
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Here, eD  is the dissociation energy, er  is the equilibrium bond length, q ,   and 0r  are 
parameters that can be defined in terms of the diatomic molecular constants with the 
following relations respectively: 
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where e  is the equilibrium harmonic vibrational frequency, e  is the vibrational rotation 
coupling constant, c  is the speed of light, h  is the Planck constant and   is the reduced 
mass of a diatomic molecule. It is obvious that the IDEP and the improved Tietz potential 
functions are identical, due to the fact that replacing 2  by   and 02 rqe   by h , 
respectively in Eq. (1) reduces the IDEP to the improved Tietz potential [33]. Hence, these 
potential functions can be used to produce the same fitted parameter values for different 
diatomic molecules. The improved Tietz potential and other related improved diatomic 
molecule potentials have been employed to represent the internal vibration of many diatomic 
and triatomic molecules, calculate the thermodynamic and thermochemical properties of 
these molecules [34-38]. 
We are motivated to evaluate the thermodynamic functions of the IDEP in terms of 
temperature and upper bound quantum number for some diatomic molecules, which does not 
exist in literatures to the best of our knowledge. The paper is organized as follows: In section 
2, we determine the eigensolutions of the IDEP by employing appropriate approximation and 
coordinate transformation schemes. Section 3 is devoted to deriving analytical expressions 
for the thermal functions of the IDEP using the Poisson summation formula. Section 4 
discusses the results obtained as it is applicable to hydrogen dimer, carbon monoxide, 
nitrogen dimer and lithium hydride diatomic molecules. The conclusion of the work is 
presented in section 5.  
  
2 Eigensolutions of the Schrodinger Equation with IDEP 
The time-independent radial Schrodinger equation is given as [39] 
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where   is the mass, 
nE  is the energy spectrum of the IDEP to be determined,  is the 
reduced Planck’s constant and n  and  are the vibrational and rotational quantum numbers, 
respectively. 
Substituting Eq. (1) into Eq. (5) results  
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It is noted that Eq. (6) cannot be solved analytically for the case 0,  due to the presence of 
the centrifugal term 
 
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r

. As such, we employ the improved Greene - Aldrich 
approximation scheme to deal with the centrifugal term. This approximation scheme is given 
as [40] 
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Substituting Eq. (7) into Eq. (6) yields 
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Here, we have used the following definitions:  02 , 1rQ qe     . Employing the 
coordinate transformation of the form 2 rs e  , Eq. (8) becomes 
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where, 
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A wave function has be assumed to be of the form 
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Substituting Eq. (11) into Eq. (9), we obtain 
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Eq. (13) is a hypergeometric equation and its solution is the hypergeometric function given in 
the form [41] 
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The hypergeometric function  nF s will become a polynomial of a certain degree when either 
1 1a or b  is equal to a negative integer  n . This leads to a finite hypergeometric function 
under the following quantum condition, 
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where, 
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Substituting Eqs. (13) and (16) into Eq. (15) and carrying out simple algebra gives 
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Substituting Eqs. (10), (12) and (18) into Eq. (19) results in the ro-vibrational energy spectra 
for the improved deformed exponential-type potential (IDEP) as, 
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In Eq. (20) above,  and   corresponds to 0 and 0Q Q  , respectively. 
Employing Eqs. (15) and (16), the unnormalized wave function  nR r can be written as 
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where nN  is the normalization constant. 
The following normalization condition is employed to evaluate the normalization constant 
[41] 
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Employing the normalization condition, we have 
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Carrying out a coordinate transformation 2z Q s  , Eq. (25) becomes 
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We now take the parameter 1Q   for purposes of simplicity to have 
   
2 1 212
2
2 ,2 1
1
1 1
1
4 2 2
n
n
N z z
P z dz
 
 




               
    (27) 
Using the standard integral [41], 
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Comparing Eqs. (27) and (28), where 2 1 2x and y    , the normalization constant is 
obtained as 
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3 Thermal Functions of the IDEP 
The vibrational partition function is the beginning point to determine any thermal 
function of a system [42]. The bound state contributions to the vibrational partition function 
of any system at a given temperature T is defined as 
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where Bk  is the Boltzmann’s constant,   is the upper bound quantum number, nE  is the ro-
vibrational energy eigenvalues of the IDEP. First, we set 0 and simplify Eq. (20) to have 
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The vibrational partition function can be calculated by summing all possible vibrational 
energy levels of a given system directly. Substituting Eq. (31) into Eq. (30) results in the 
following 
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In evaluating Eq. (34), we employ the Poisson summation formula for lower order 
approximation as 
       
maxmax
1
max
0 0
1
0 1
2
nn
n
f x f f n f y dy


           (35) 
By substituting Eq. (34) into Eq. (35), one can obtain the following functions: 
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Evaluating the integral part of the right-hand side of Eq. (38), we have 
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Here, we have defined the parameter 
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Employing the Mathematica software to evaluate Eq. (39) and combining with Eq. (36), the 
vibrational partition function of IDEP is obtained as 
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where the imaginary error function is defined as 
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With the help of the vibrational partition function of Eq. (41), other thermodynamic functions 
of IDEP can be obtained using the following expressions: 
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 Vibrational free energy 
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 Vibrational specific heat capacity 
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4 Results and Discussion 
In this paper, the electronic states of hydrogen dimer, carbon monoxide, nitrogen dimer and 
lithium hydride are considered using the ro-vibrational energy spectra of Eq. (20). The 
experimental values of the selected diatomic molecules are given in Table 1 [43, 44]. The 
values of the molecular parameters q ,   and 0r  for the selected diatomic molecules are also 
obtained using Eqs. (2) – (4), respectively, as tabulated in Table 2. It is worthy to mention 
here that the following conversion factors have been employed throughout the computations: 
1 41 1.239841875 10 eV;cm  
eV A
1973.296 ;
c

2
MeV
1 931.494028amu
c
 . By 
employing the experimental data as our input, the vibrational partition function for the 
selected diatomic molecules are plotted with temperature and upper bound vibration quantum 
number, using Eq. (41). As shown in Fig. 1, the vibrational partition function curves increase 
as the temperature increases for the selected diatomic molecules. The vibrational partition 
function curves of 2H  and LiH are seen to increase sharply at a temperature less than 
100,000 K . As the temperature increases beyond 100,000 K , the vibrational partition 
function curves of 2H  and LiH  remains uniquely constant. The vibrational partition function 
curves of CO  and 2N  is seen to increase monotonically as the temperature increases from 
100,000 K . Beyond a temperature of 400,000 K , the increase in the vibrational partition 
function curves of CO  and 2N  remain constant. With the help of the vibrational partition 
function expression of Eq. (41), other thermodynamic functions variation with temperature 
and upper bound vibration quantum number have been evaluated using Eqs. (43) – (46). Fig. 
2 displays the variation of vibrational free energy of IDEP with temperature for the selected 
diatomic molecules. The vibrational free energy curves for the selected diatomic molecules 
decreases directly as the temperature increases. In Fig. 3, a monotonous decreasing behaviour 
of the vibrational mean energy is observed as the temperature increases. Beyond the 
temperature of 200,000 K , the graphs for each diatomic molecule reaches almost zero 
asymptotically. In Fig 4, It is seen that the vibrational entropy for the selected diatomic 
molecules first decrease as the temperature increases from origin to 200,000 K . As the 
temperature exceeds 200,000 K , the vibrational entropy curves remain constant at unique 
values for the different diatomic molecules. Fig. 5 shows a monotonous increase in the 
vibrational specific heat capacity as the temperature increases for the selected diatomic 
molecules. Beyond a temperature of 500,000 K , the vibrational specific heat capacity curves 
for the selected diatomic molecules clusters and tends to zero. 
The variations of the thermodynamic functions of IDEP with upper bound vibration 
quantum number are also presented in Figs. 6 -10. In Fig. 6, as the upper bound quantum 
number increases, the vibrational partition function curves for the selected diatomic 
molecules increase slowly. When the upper bound quantum number increases beyond a 
specific number for each diatomic molecule, the increase in the vibrational partition function 
curve for each diatomic molecule becomes very sharp. The sharp increase in the vibrational 
partition function for 2H  dimer is observed when the upper bound quantum number is about 
50 . At an upper bound quantum number of 90 , the sharp increase in the vibrational partition 
function for 2N  dimer occurs. The sharp increase in the vibrational partition function for CO  
and LiH  dimers occur when the upper bound vibration quantum number increases beyond 
100 . In Fig. 7, the vibrational free energy curves for the selected diatomic molecules 
decrease gradually as the upper bound vibration quantum number increases. The vibrational 
free energy curve for 2H  dimer increases first gradually as the upper bound quantum number 
increases. Beyond the upper bound quantum number of 50 , the vibrational free energy for 
2H  dimer decreases faster. Fig. 8 shows a sharp increase in the vibrational mean energy at an 
upper bound vibration quantum number of about 5 . As the upper bound quantum number 
increases, the vibrational mean energy curves of the selected diatomic molecules increase 
monotonously. In Fig. 9, the variation of the vibrational entropy with upper bound vibration 
quantum number for 2H , CO , 2N  and LiH  diatomic molecules is shown. As the upper 
bound vibration quantum number increases, the vibrational entropy is seen to increase in a 
gradual form for the selected diatomic molecules. We also observe a sharper increase in 
vibrational entropy for 2H  dimer as the upper bound quantum number increases. The graph 
of vibrational specific heat capacity of IDEP with upper bound vibration quantum number for 
2H , CO , 2N  and LiH  diatomic molecules is shown in Fig. 10. At a zero upper bound 
vibration quantum number, the vibrational specific heat capacity of the selected diatomic 
molecules increases sharply to about 10 1 11 10 cm K   . The increase in the upper bound 
vibration quantum number causes a unique gradual increase in the vibrational specific heat 
capacity for each of the selected diatomic molecule. The increase in the vibrational specific 
heat capacity for 
2H  dimer is seen to be more sharper, as compared to CO , 2N  and LiH  
diatomic molecules. 
 
5 Conclusion 
In this work, the Schrodinger equation has been solved with the improved deformed 
exponential-type potential (IDEP) model, by applying an appropriate approximation and a 
coordinate transformation schemes. The analytical expressions of the ro-vibrational energy 
spectra and the corresponding normalized energy eigenfunction have been obtained. Using 
the ro-vibrational energy spectra of the IDEP, the vibrational partition function and other 
thermodynamic functions like vibrational free energy, vibrational mean energy, vibrational 
entropy and vibrational specific heat capacity have been deduced using the Poisson 
summation formula. With these results, the thermodynamic properties of  2H , CO , 2N  and 
LiH  diatomic molecules have been studied graphically and discussed extensively, as it 
varies with temperature and upper bound vibration quantum number. It is of note that the 
IDEP can be reduced to the improved Tietz potential model. 
 
 
 
 
 
 
 
 
 
 
References 
1. Gabriel S, Luis-Antonio AS (2018) Int J Quant Chem 2018:e25589  
       https://doi.org/10.1002/qua.25589 
2. Jia CS, Zhang LH, Peng XL (2017) Int J Quant Chem 117:e25383 
      https://doi.org/10.1002/qua.25383 
3. Jia CS, Zhang Y, Zhang XL, Sun LT (2001) Commun Theor Phys 36:641 
4. Jia CS, Zeng XL, Li SC, Sun LT, Yang QB (2002) Commun Theor Phys 37:523 
5. Jia CS, Yun L, Yu S, Jian YL, Liang-Tian S (2003) Phys Lett A 311:115  
     https://doi.org/10.1016/S0375-9601(03)00502-4 
6. Hu XT, Liu JY, Jia CS (2013) Comp Theor Chem 1019: 137  
     http://dx.doi.org/10.1016/j.comptc.2013.06.020 
7. Ikot AN, Obong HP, Hassanabadi H, Salehi N, Thomas OS (2015) Ind J Phys 89:649  
     http://doi.org/10.1007/s12648-014-0629-9 
8. Fu KE, Wang M, Jia CS (2019) Commun Theor Phys 71:103  
       http://doi.org/10.1088/0253-6102/71/1/103 
9. Liu JY, Du JF, Jia CS (2013) Eur Phys J Plus 128:139  
       http://doi.org/10.1140/epjp/i2013-13139-4 
10. Xie BJ, Jia CS (2020) Int J Quant Chem 120:e26058  
       https://doi.org/10.1002/qua.26058 
11. Okorie US, Ibekwe EE, Onyeaju MC, Ikot AN (2018) Eur Phys J Plus 133:433 
       https://doi.org/10.1140/epjp/i2018-12307-4 
12. Udoh ME, Okorie US, Mgwueke MI, Ituen EE, Ikot AN (2019) J Mol Mod 25:170 
       https://doi.org/10.1007/s00894-019-4040-5 
13. Ates YB, Okorie US, Ikot AN, Olgar E (2019) Phys Scr 94:115705 
       https://doi.org/10.1088/1402-4896/ab293d 
14. Ikot AN, Okorie US, Ngiangia AT, Onate CA, Edet CO, Akpan IO, Amadi PO (2020) Ecl  
      Qui J 45:65 http://doi.org/10.26850/1678-4618eqj.v45.1.p65-76 
15. Ikot AN, Chukwuocha EO, Onyeaju MC, Onate CA, Ita BI, Udoh, ME (2018) Pramana J  
      Phys 90:22 https://doi.org/10.1007/s12043-017-1510-0 
16. Ikot AN, Okorie US, Sever R, Rampho GJ (2019) Eur Phys J Plus 134:386 
       https://doi.org/10.1140/epjp/i2019-12783-x 
17. Bayrak O, Boztosun I (2007) Phys Scr 76:92 https://doi.org/10.1088/0031-8949/76/1/016 
18. Gu XY, Dong SH, Ma ZQ (2009) J Phys A: Math Theor 42:035303 
      https://doi.org/10.1088/1751-8113/42/3/035303 
19. Dong SH, Cruz-Irisson M  (2012) J Math Chem 50:881  
      https://doi.org/10.1007/s10910-011-9931-3 
20. Liu JY, Zhang GD, Jia CS (2013) Phy Lett A 377:1444 
      https://dx.doi.org/10.1016/j.physleta.2013.04.019 
21. Okorie US, Ibekwe EE, Ikot, AN, Onyeaju MC, Chukwuocha EO (2018) J Kor Phys Soc  
     73:1211 https://doi.org/10.3938/jkps.73.1211 
22. Lutfuoglo BC, Ikot AN, Okorie US, Ngiangia AT (2019) 71:1127  
      https://doi.org/10.1088/0253-6102/71/9/1127 
23. Ocak Z, Yanar H, Salti M, Aydoyu O (2018) Chem Phys 513:252   
      https://doi.org/10.1016/j.chemphys.2018.08.015 
 
24. Khordad R, Avazpour A, Ghanbari A (2019) Chem Phys 517:30 
       https://doi.org/10.1016/j.chemphys.2018.09.038 
25. Strekalov ML (2007) Chem Phys Lett 439:209 
        https://doi.org/10.1016/j.cplett.2007.03.052 
26. Khordad R, Rastegar Sadehi HR (2018) J Low Temp Phys 190:200 
       https://doi.org/10.1007/s10909-017-1831-x 
27. Boumali A (2018) J Math Chem 56:1656 
       https://doi.org/10.1007/s10910-018-0879-4 
28. Valencia-Ortega G, Arias-Hernandez LA (2018) Int J Quant Chem 118:e25589 
        https://doi.org/10.1002/qua25589 
29. Khordad R, Ghanbari A (2019) Comp Theor Chem 1155:1 
       https://doi.org/10.1016/j.comptc.2019.03.019  
30. Arfken G (1985) “Mathematical Methods for Physicists”, 3rd Edn (Academic Press,  
     Orlando)  327–338 
31. Korn GA,  Korn TM (2000) ”Mathematical Handbook for Scientists and Engineers  
     Definitions, Theorems, and Formulas for Reference and Review” Dover Publications, Inc.,  
     31 East 2
nd
 Street, Mineola, N.Y. 11501 
32. Chabi K, Boumali A (2020) Rev Mex Fis 66:110  
     https://doi.org/10.31349/RevMexFis.66.110 
33. Jia CS, Diao YF, Liu XJ, Wang PQ, Liu JY, Zhang GD (2012 J Chem Phys 137:014101 
      http://dx.doi.org/10.1063/1.4731340 
34. Jia CS, Wang CW, Zhang LH, Peng XL, Tang HM, Liu JY, Xiong Y, Zeng R (2018)  
     Chem Phys Lett 692:57 
      https://doi.org/10.1016/j.cplett.2017.12.013 
35. Jia CS, You, XT, liu, JY, Zhang LH, Peng XL, Wang YT, Wei LS (2019) Chem Phys  
     Lett 717:16  
      https://doi.org/10.1016/j.cplett.2019.01.001 
36. Jiang R, Jia CS, Wang YQ, Peng XL, Zhang LH (2019) Chem Phys Lett 726:83 
      https://doi.org/10.1016/j.cplett.2019.04.040 
37. Chen XY, Li J, Jia CS (2019) ACS Omega 4:16121 
      https://doi.org/10.1021/acsomega.9b02303 
38. Tang B, Wang YT, Peng XL, Zhang LH, Jia CS (2020) J Mol Struc 1199:126958 
      https://doi.org/10.1016/j.molstruc.2019.126958 
39. Onate CA, Onyeaju MC, Ikot AN, Ebomwonyi O (2017) Eur Phys J Plus 132:462 
      https://doi.org/10.1140/epjp/i2017-11729-8 
40. Greene RL, Aldrich C (1976) Phys Rev A 14:2363 
     https://doi.org/10.1103/physreva.14.2363 
41. Gradshteyn IS,  Ryzhik IM (2007). “Table of integrals, series and products”. 7th edition.  
     Elsevier Academic Press, UK. 
42. Dong SH, Lozada-Cassou M, Yu J, Jimenez-Angeles F, Rivera AL (2007) Int J Quant 
    Chem 107:366  
     https://doi.org/10.1002/qua.21103 
43. Kunc JA, Gordillo-Vazquez FJ (1997) J Phys Chem A 101:1595 
44. Rafi M, Al-Tuwirqi R, Farhan H, Khan IA (2007) Pramana J Phys 68:959 
 
 
      
 
Table 1 Spectroscopic Parameters for the selected diatomic molecules [43, 44]. 
Molecules  1eD cm  (A)er   amu  
 12H X   38297.00  0.7416  0.5039  
 1CO X   90529.00  1.1283  6.8562  
 12 gN X   79885.00  1.0970  7.0034  
 1LiH X   20287.70  1.5955  0.8801  
 
 
 
Table 2 Calculated Values of the IDEP parameters for different diatomic molecules 
States of 
diatomic 
molecules 
 7 110 cm    - 80 10r cm  q  
 12H X   25.73680374  0.7416001485  0.3236073943  
 12N gX   36.42844874  1.097000113  0.3543700921  
 1LiH X   15.02728120  1.595500403  0.3326882575  
    
 1CO X     30.69381001 1.128300118  0.6544806294  
 
 
 Fig. 1 Vibrational partition function versus temperature of IDEP for H2, CO, N2 and  
  LiH diatomic molecules. 
 
 
 
Fig. 2 Vibrational free energy versus temperature of IDEP for H2, CO, N2 and LiH  
  diatomic  molecules. 
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 Fig. 3 Vibrational mean energy versus temperature of IDEP for H2, CO, N2 and LiH  
 diatomic molecules. 
 
 
 
 
Fig. 4 Vibrational entropy versus temperature of IDEP for H2, CO, N2 and LiH  
  diatomic molecules. 
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 Fig. 5 Vibrational specific heat capacity versus temperature of IDEP for H2, CO, N2  
  and LiH diatomic molecules. 
 
 
 
 
 
 
Fig. 6 Vibrational partition function of IDEP versus upper bound vibration quantum  
  number for H2, CO, N2 and LiH diatomic molecules. 
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 Fig. 7 Vibrational free energy of IDEP versus upper bound vibration quantum number  
  for H2, CO, N2 and LiH diatomic molecules. 
 
 
 
 
 
 
Fig. 8 Vibrational mean energy of IDEP versus upper bound vibration quantum number  
  for H2, CO, N2 and LiH diatomic molecules. 
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 Fig. 9 Vibrational entropy of IDEP versus upper bound vibration quantum number for  
  H2, CO, N2 and LiH diatomic molecules. 
 
 
 
 
 
 
Fig. 10 Vibrational specific heat capacity of IDEP versus upper bound vibration quantum  
  number for H2, CO, N2 and LiH diatomic molecules. 
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